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Granular �ows down �at inclined channels are commonly used in the industry. In spite of their
practical importance, they have not been investigated in details yet. Using DEM numerical simu-
lations we �nd that stationary states occur for an unexpectedly large range of angles of inclination.
We report previously unseen stationary regimes, with secondary rolls and with a supported dense
slab on top of a granular gas. These are stabilized by the lateral boundaries at high angles.

Introduction� Granular dense �ows down inclined
channels are of interest in engineering applications in-
volving conveying of solid materials such as minerals, or
in geophysical situations like rock avalanches or pyro-
clastic blasts. They preserve the complexity of granular
�ows while remaining simple enough for a detailed anal-
ysis [1]. The solid boundaries are known to change the
�ow structure [2]. The choice of wide channels is an at-
tempt to avoid the in�uence of sidewalls. In the same
way numerical simulations in periodic cells attempt to
study �ows down in�nitely long and wide chutes. When
periodic boundaries are used in the direction of the �ow,
only steady fully developed (SFD) �ows are meaningful.
Attainment of SFD �ows is nevertheless restricted in ex-
periments by the physical length of the chute, as pointed
out in [3]. Our simulation results below are a strong
indication that many �ows experimentally tagged as �ac-
celerated� would in fact achieve SFD conditions with
longer chutes. Periodic boundary conditions (PBC) o�er
the advantage of decreasing the number of free parame-
ters. The same simplicity argument leads to characterize
the overall behavior of grain interactions through mate-
rial parameters such as restitution or friction coe�cients.
Even with such simple choices: �at frictional base, PBC
in both �ow and vorticity directions and description of
interactions between spherical beads and with the base
through identical coe�cients, there remains at least 9
�parameters� [4] that can in�uence the numerical sim-
ulation of the channel �ow. Walton [5] performed nu-
merical simulations using these simple conditions. He
showed that SFD �ows develop only for inclination an-
gles θ whose tangent is smaller than the friction coef-
�cient µ, else they accelerate unboundedly. Louge and
Keast [6] conducted experiments on �at base with a well
documented set of parameters; we use them as input for
our numerical simulations. Introducing side walls in the
simulation allows us to recover characteristics more com-
patible with the experiments and reveals their relatively
long-range in�uence. At larger angles we show the pres-
ence of an internal structure: secondary rolls, turning
into a �supported regime� as θ increases, whereby an ag-
itated granular layer forms at the base. These SFD �ows
appear even for large angles θ � atanµ, so they cannot
be captured by PBC in the vorticity direction on a �at
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base. To our best knowledge, our work is the �rst to
report that secondary �ows also exist with �at bound-
aries. The only evidence of rolls and supported regimes
were reported for accelerated �ows and bumpy boundary
conditions [2, 7�9]. We thus show that these rolls are
a generic feature inherent to the granular �ows dynamic
present for a large class of boundary conditions. Station-
ary states in these conditions are not easy to achieve in
laboratory, despite their likely occurrence in nature and
industry. In this paper, we explore how this new regime
is a�ected by geometry and granular parameters.

Simulation method and PBC results� We perform
3D numerical simulations of granular �ows using molec-
ular dynamics (MD). Grains are modeled as overlapping
non-deformable spheres by means of a spring and dash-
pot combination for both the normal and the tangential
directions, with static friction [9�11]. The simulations
are carried out for a �xed number of slightly polydis-
perse spheres. The calculational space is bounded on the
bottom by the �xed �at frictional XY plane, it is free
on the top surface (see Fig. 1). PBC are applied in
the �ow (X) direction and, only for the �rst simulations,
in the Y direction. The system is bound by side walls
whose properties are the same as the base. We also per-
formed some simulations with bumpy surfaces made of
glued grains having the same material properties as the
�at boundaries.

The simulation setup (Fig. 1) is designed to match the
experimental setup of Louge and Keast [6], with minor
adaptations. We used the same bead size and polydis-
persity, the geometry is the same except for PBC along
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X. Initial conditions consist of dropping a loose assembly
of grains at a small altitude, with some agitation. These
low energy initial conditions and the mass holdup we use
[12] are compatible with those observed experimentally
for all SFD �ows in [6]. Coe�cients of restitution have
the experimental values given in [6, 13]: engg = 0.973 and
engw = 0.8 for the normal components, and etgg = 0.25,
etgw = 0.35 for the tangential components, where the sub-
scripts gg and gw denote, respectively, impacts between
two grains and between a grain and a wall. The model
normal springs sti�ness is kngg = kngw = 3.105N/m and
tangential values kt deduced from kn [10]. These values
are comparable to other simulations using realistic mate-
rial properties (kn = 2.105N/m in [3]). The static friction
coe�cient µgw = 0.593 is mentioned in [6] but not the
value of µgg. Measurements in our lab give µgg = 0.33
for similar glass beads.

Preliminary simulations using periodic boundary con-
ditions along Y were performed with the above fric-
tion and restitution coe�cient values. These resulted
in steady �ows for angular ranges that do not match
the experimental results from [6], with θmin ≈ 6 − 7◦

and θmax ≈ 24◦ < atanµgw. We tried other values of
the friction coe�cients, changed the polydispersity and
introduced other sources of dissipation (rolling friction
[11]) but θmin remains always small compared to the ex-
perimental value. We thus perform all other simulations
with side walls, which introduce additional friction able
to increase θmin.

Results with side walls� We ran systematic simula-
tions for a range of angles from 12◦ to 33◦ every half
degree. Fig. 2a presents the evolution of the kinetic
energies of the �ow over time. For θ ≤ 13.5◦ we ob-
serve low velocity �ows with large �uctuations. Arrest
is di�cult to obtain with nearly monodisperse spherical
beads rolling on �at base. These �ows (zones marked
A in Fig. 2) are stopped in additional simulations us-
ing a higher polydispersity. We suspect that they match
jammed states in experiments (e.g. due to dust between
grains [13] or non-sphericity). For θ ≥ 13.5◦, the �ows
reach after some time a steady (B,D,E) or an oscillating
(C) state. We de�ne the time and distance necessary to
converge towards the limit steady state, as determined
by both translational and rotational kinetic energy lev-
els being within 5% of their �nal average levels. They
are shown in Fig. 2a with markers. Results presenting
time average quantities (e.g. velocity, packing fraction)
are computed starting from that time. Fig. 2b (resp. 2c)
represents the velocity pro�le averaged along Z (resp. Y)
as a function of Y (resp. of Z), for each value of inclina-
tion angle.

These pro�les and the color-coded packing fraction in
Fig. 2c allow us to identify the following regimes:

� Unidirectional SFD �ows: In the zones marked B
on Fig. 2: θ ∈ [13.5◦, 17.5◦], grains are forming �crystal-
lized� blocks moving along X in average. These blocks

also appear in Fig. 2c as regions of higher packing frac-
tion. They imposed some averaging over multiple runs
to smooth them out. Simulations were also performed
with higher-energy initial conditions, which resulted in
qualitatively the same phase diagram except with less
inter-run variability.

� Oscillating �ows: In the zones marked C, θ ∈ [17.5◦,
19.5◦], the aforementioned blocks have �melted� and the
�ow presents some agitation, as well as a few grains jump-
ing over the surface. Relatively large �uctuations are
visible on the translation and rotation kinetic energies at
θ = 19◦ (Fig. 2a).

� Secondary SFD �ows (rolls): this regime (marked
D: θ ∈ [19.5◦,≈ 28◦]) corresponds to the advent of sec-
ondary �ows (Fig. 2b, insert). As visible on Figs. 2c
and 2b (insert), typical �ow heights vary between 10 and
15 grain diameters within phase D. Since there are 68
grain diameters in the transverse (Y) direction the rolls
are quite �at. The packing fraction ν ≈ 0.4 decreases
slightly with θ but remains almost constant through the
height. The velocity pro�le (Fig. 2b) is sheared through
the whole width, even in the conditions of the experiment
where the base width is about ten times the �ow height
at rest (Fig. 3e).

� SFD �ows supported by a granular gas basal layer:
Fig. 2c, zone marked E, shows a fast-moving slab of high
packing fraction supported by a low-density zone. There
is no clear surface but a dilute granular gas top reaches
far larger heights (Fig. 2c, logarithmic scale) than in
the previous regimes. The end of the phase D is clearly
apparent on the pro�les in Fig. 2b but the transition
between D and E is progressive over a range of angles
(27◦ ≤ θ ≤ 29◦) according to the packing fraction pro�le
in Fig. 2c. The density averaged on a transverse section
shown in Fig. 3 reveals that the dense core (ν ≈ 0.5) is
supported on both walls and bottom. The internal struc-
ture of the supported slab (Fig. 3d) is reminiscent of the
rolls. As the angle increases the dense core slowly van-
ishes into a purely gaseous regime, at surprisingly high
angle values (≈60◦) given the low mass holdup and large
width of our setup.

Simulations with sidewalls lead to SFD �ows even for
angles much larger than atanµgw (tested up to 70◦). As
for SSH [14], in order to maintain its steady state for
large values of θ the �ow has to adapt its height to in-
crease the contact surface and the pressure on the walls,
which can be seen clearly in Fig. 2c. We see on Fig. 3e
that tan θ varies linearly with the height H of the �ow in
the supported regime and at the end of the rolls regime
D, with a clear transition between them. We checked
that the pressure on the walls varies roughly linearly with
depth, we can thus apply the same reasoning as in [14]
and obtain µB + H

W µW = tan θ, with µB and µW ef-
fective global friction coe�cients on the bottom and the
walls. Interestingly µB and µW are both smaller than
µgw, but surprisingly µB is smaller in regime D than
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FIG. 2. Phase diagrams showing the characteristics of the SFD �ow regimes, in the range θ ∈ [12 . . . 33]. (a) Translation and
rotation (insert) kinetic energies vs time, and distances before reaching the steady state. (b) Secondary �ow (insert, color-coded
velocity in the YZ plane) and transverse velocity pro�le of the di�erent phases. (c) Height velocity pro�le vs angle, packing
fraction (color-coded).
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FIG. 3. Transition to supported �ows. (a-c) Cross-section
average of the packing fraction for 3 angles at the transition.
(d) Internal structure of the supported slab (θ = 31◦). (e)
Tangent of the inclination angle plotted as a function of H/W.
H is set to the height at which the pressure is 0.5% of the
average pressure value PB on the bottom.

in the supported regime E. Complementary simulations
show that values of µB and µW depend on the con�gu-
ration parameters, like W and the mass holdup. These
simulations also reveal that walls can be separated wide
apart without collapse of the supported slab (tested up
to W=30H).

Discussion� Oscillations were reported experimen-
tally in [6]. Hanes and Walton [3], who use a bumpy
base for their experiments, also report a phase diagram
with an oscillating regime delimited by fuzzy boundaries,
at the junction of two SFD regimes. In their simulations
using PBC along the �ow, they observed temporal oscil-
lations which could be a manifestation of these surging
�ows. Visual investigation of the simulations as well as
rotation velocity pro�les along Z show that the �ows in
the B-C zones consist of a plug sliding on top of a basal

layer of grains, for which there is a combination of long-
lasting rolling contacts on the smooth bottom interrupted
by short rebounds. Louge and Keast [6] experimentally
observed a range of angles for steady states from 15.5◦

to 20◦, established over distances less than 3m. This
matches our regime B (13.5◦ ≤ θ ≤ 17.5◦, d ≈ 3m, Fig.
2a) and probably the oscillating �ows C. Values of the
packing fraction at the base of the �ow (Fig. 2c) are also
compatible with the experiments (Fig. 6 of [6]). Fig. 3e
also shows that in the range of angles corresponding to
the B-C regimes, aspect ratios keep a low value. This is
consistent with [6] �nding an aspect ratio H

W < 0.17 and
thus a negligible in�uence of the friction on the side walls.
At the center of the �ow we obtain vertical velocity pro-
�les similar to these given by PBC [5]. Nevertheless, Fig.
2b reproduces in the B-C zones the experimental veloc-
ity transverse pro�le (Fig. 7 of [6]), where the shearing
layer induced by the walls extends to about 1/3 within
the �ow. Hence the role of boundary conditions is not
limited to friction but more complicated e�ects come into
play (e.g. frustration of rotations).

When the inclination increases, our simulations predict
the appearance of secondary rolls which lift up to give
birth to a supported regime. The supported regime ap-
pears here with smooth bottom and walls, but we checked
that the regime E also exists in the presence of rough
boundaries made of glued grains. Numerical simulations
with PBC along Y and a rough base [9] can exhibit a
�stripes dense� and a �stripes dilute� regimes, similar to
our regimes D and E respectively, although these appear
only up to a limit angle of 39◦ in these conditions. The
�ow initiates an expansion at the base, but fails to sta-
bilize at large angles as it has no frictional surface to
expand on. On a �at base the supported regime E only
exists when the walls are present. The main limiting
factor for observing regimes D and E experimentally is
the distance necessary for the steady state to take place:
about 30m for the supported phase when starting with
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little initial energy and for grains about 3mm diameter.
It is thus not surprising that over the �rst few meters
the corresponding con�gurations were interpreted exper-
imentally as accelerated or unstable: rolls were reported
in experiments with rough glued grain boundaries in ac-
celerated �ows [7, 8]. Nevertheless the additional phases
are accessible experimentally by reducing the diameter
of the grains and/or by giving them some initial veloc-
ity. Secondary �ows have been observed in experiments
within a rough channel [2] (using 0.5mm beads) and [9]
(D=0.4mm). The stationary state in [2] was reached at
a distance compatible with our results: less than 3m at
θ = 23.6◦. The average packing fraction at the transition
between D and E regimes is about 0.3. It is is compatible
with the values observed in [9] for the transition between
dense and dilute stripes. The secondary SFD �ows could
also correspond to the steady collisional phase observed
in [3] for �ows between �at walls, but on a rough base.
The supported layer is reminiscent of the density inver-
sion on a bumpy bottom mentioned in [15] except that
in [15] it exists only for a speci�c value of the angle and
high-energy initial conditions. In our case the supported
regime is obtained for a large range of angles and appears
naturally as an extension of the previous phases.

The transitions between the regimes and their charac-
teristics depend on the model parameters (e.g. friction
coe�cients, polydispersity of the grains) but some of the
general features of the �ows seem robust. For instance,
additional runs with µgg = 0.4 instead of 0.33 shifted
the start and end of phase B up by 1◦. The crystallized
blocks in the unidirectional SFD �ows (B) do not appear
when using more polydisperse grains, but the oscillations
(C) are still present. The rolls (D) and supported slab
(E) are robust to polydispersity (tested with D ± 20%).
They also appear when µgg = µgw (customary setup in
numerical works [10]), provided both are greater to about
0.54. Additional simulations showed that gluing grains
on the boundaries prevents the rolls but induce a large
internal agitation instead, consistently with Fig. 3d of
[9] where rolls have been reported on rough bottom only
with larger channels and thicker �ows.

We also varied the mass holdup so as to match the
range of shallow �ow con�gurations in [6]: low H† = 1
induces an early transition to the gaseous phase without
secondary �ows. The regimes (D,E) also exist forH† = 7.

Conclusion� We �nd SFD �ows corresponding to
the experimental setup [6] with compatible range of an-
gles, distances of establishment and velocity pro�les.
Building on these results we predict the existence of ad-
ditional phases for the �ows bounded by �at boundaries
at high angles: secondary rolls, turning into a supported
dense slab atop a layer of granular gas. We have shown
that these are robust generic features of granular �ows,
extending previous experimental and numerical studies
[7, 9, 10] to �at boundaries and to SFD �ows at higher
angles, owing to stabilization by the walls. The secondary

rolls occur on a �at surface even for a small number of
layers of grains.
Even if the distance necessary for the predicted phases

to take place is relatively long, they probably appear in a
wide range of industrial and natural contexts, for exam-
ple when sand is transported in conduits over a moder-
ate distance (≈ 5m, scaling our results down for 500µm
grains). E�ects similar to the supporting granular gas
layer may also be at work for long runout landslides and
avalanches. This part of the phase diagram with higher
mass holdups H†, in relation with the observed reduction
of e�ective friction on solid boundaries in our numerical
simulations, requires more investigation and will be the
topic of future works.
Flows down inclined channels exhibit a rich �ow struc-

ture with a simple setup, which is ideal for studying gran-
ular theories. The �at walls geometry seems to induce
a faster convergence to the steady states than PBC in
the vorticity direction, while presenting the same �ow
structures. It is thus better adapted for testing granular
rheologies and how they deal with boundary conditions,
especially since channeled �ows can be directly compared
to experiments while PBC are, by essence, non-physical.
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